ON SINGULAR CUBIC SURFACES 



IVAN CHELTSOV 

Abstract. We study global log canonical thresholds of cubic surfaces with canonical singular- 
ities, and we prove the existence of a Kahler-Einstein metric on two singular cubic surfaces. 

1. Introduction. 

°' 

CN ' Let X be a Fano variet)o with log terminal singularities, and G be a finite subgroup in Aut(X). 
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lct(X,G) = sup | A e 



Definition 1.1. Global G- invariant log canonical threshold of the variety X is the number 

the log pair (X, XD) has log canonical singularities ' 
for every G-invariant effective Q-divisor D = —Kx 

We put lct(X) = lct(X, G) in the case when G is a trivial group. 

Example 1.2. Let X be a smooth hypersurface in P n of degree n. Then lct(X) ^ 1 — 1/n by [2]. 

Example 1.3. The simple group PGL(2,F7) is a group of automorphisms of the quartic curve 

x 3 y + y 3 z |A = 0CP 2 ^ Proj (c[x, y, z] 

which induces an embedding PGL(2,F 7 ) C Aut(P 2 ). Then lct(P 2 , PGL(2, F 7 )) = 4/3 by 0. 

The number lct(X, G) plays an important role in birational geometry (see Section [5]). 

> ' 

\Q \ Example 1.4. Let X be a general quasismooth hypersurface in P(l, . . . , a±) of degree Y^i=i a i 

with terminal singularities such that —K x ^ 1. Then lct(X) = 1 by [4], which implies that 

(N 

C "3 ' m times *— ^ m times 



Birf X x ■ ■ ■ x x ) = / JjBir(X), Autf X x • • • x X 



and the variety X x • • • x X is non-rational (see [7] , [15] , [1] ) . 

The number let (AT, G) plays an important role in Kahler geometry. 



^ ■ Example 1.5. Suppose that X has at most quotient singularities, and the inequality 

C$ ' , „ s dim (A) 

let (AC,G) > . \ ; 

v ' dim(X) + 1 

holds. Then X has a Kahler-Einstein metric (see [8]). 

Let S be a del Pezzo surface with canonical singularities. Put S = Sing(S'). 

i?emar/c 1.6. It follows from [IS], [9], [T5], [TT], [ID], that 

• the surface S has a Kahler-Einstein metric in the following cases: 

— when £ = 0, 5 £ F1 and K§ / 7; 

— when 5 is a complete intersection 
4 4 

J>* = £ A** 2 = C P 4 *± Proj (C[x , . . . , x 4 ]) , 

i=0 i=0 

and E consists of points of type Ai, where Aj € C; 

— when K'g = 2, and £ consists of points of points of types Ai and A2; 



The author would like to thank I. Dolgachev, J. Kollar, J. Park, V. Shokurov, V. Iskovskikh for useful comments. 
^We assume that all varieties are projective, normal, and defined over C. 
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2 IVAN CHELTSOV 

— when K s = 1, and E consists of points of type Ai; 

• the surface S does not have a Kahler-Einstein metric in the following cases: 

— when E = 0, and either S = Fj or K s = 7; 

— when E contains a point that is not of type Ai, and K s = 4; 

— when E contains a point that is not of type Aj or A2, and K s = 3. 

All possible values of lct(S') are found in [5] in the case when E = 0. 

Example 1.7. Suppose that S is a cubic surface in P 3 and E = 0. Then 

2/3 when S has an Eckardt point, 
3/4 when S does not have Eckardt points. 

We prove the following result in Sections [3l 
Theorem 1.8. Suppose that S is a cubic surface in P 3 and S / 0. Then 

' 2/3 when E = {Ai}, 
1/3 when E D {A 4 }, 
1/3 when E = {D 4 }, 
1/3 when E D {A 2 , A 2 }, 
1/4 w/ien E D {A 5 }, 
1/4 when E = {D 5 }, 
1/6 when E = {Eg}, 
1/2 in other cases. 

The group S4 naturally acts on the cubic surface ScP 3 that is given by the equation 

(1.9) xyz + xyt + xzt + yzt = C P 3 £S Proj (c[x, y, z, t]\ , 

the group S3 x Z3 naturally acts on the cubic surface ScP 3 that is given by the equation 

(1.10) xyz = t 3 CP 3 ^ Proj (c[x, y, z, t]\ , 

and lct(5, S4) = let (5, S3 x Z3) = 1 (see Section H]). But both surfaces S and S are singular. 

Corollary 1.11. The surfaces S and S have Kahler-Einstein metrics. 

It is very likely that the method in |16] can be applied to prove the existence of a Kahler-Ein- 
stein metric on every singular cubic surface having only singular points of type Ai and A 2 . 

2. Basic tools. 

Let S be a surface with canonical singularities, and D be an effective Q-divisor on it. 
Remark 2.1. Let B be an effective Q-divisor on S such that (S,B) is log canonical. Then 

S, — - — (d — aB 
1 — a V 

is not log canonical if (S, D) is not log canonical, where a £ Q such that ^ a < 1. 

Let LCS(S', D) C S be a subset such that P € LCS(S, D) if and only if (S, D) is not log ter- 
minal at the point P. The set LCS(5, D) is called the locus of log canonical singularities. 



Remark 2.2. The set LCS(5, D) is connected if —(Ks + D) is ample (see Theorem 17.4 in [12 

Let P be a point of the surface S such that (S, D) is not log canonical at the point P. 
Remark 2.3. Suppose that S is smooth at P. Then multp(-D) > 1. 
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Let C be an irreducible curve on the surface S. Put 

D = mC + n, 

where m € Q such that m ^ 0, and f2 is an effective Q-divisor such that C % Supp(f2). 
Remark 2.4. Suppose that C C LCS(»S, P). Then m ^ 1. 

Suppose that C is smooth at P, the inequality m ^ 1 holds and P € C. 
Remark 2.5. Suppose that <S is smooth at P. Then it follows from Theorem 17.6 in [12J that 

C ■ O ^ rnult P (o| c J > 1. 

Let 7r: S — > S be a birational morphism, and P is a proper transform of P via 7r. Then 

r 

K s + D + Y, aA = ^ ( Ks + D ) ' 

i=i 

where Ei is a ^-exceptional curve, and is a rational number. 

Remark 2.6. The log pair (5, -D) is log canonical if and only if (S, D+^ r i=1 a»f ») is log canonical. 

Suppose that r = 1, n(Ei) = P, and P is a singular point of the surface S of type A n . 
Remark 2.7. Suppose that n = 1, and 5 is smooth along £i. Then ai > 1/2. 

Suppose that n > 1, and Pi n Sing(5) consists of one singular point of type A n _i. 
Remark 2.8. It follows from Theorem 17.6 in [12j that a\ > l/(n+ 1). 

Most of the described results are valid in much more general settings (see |12|). 

3. Main result. 
Let us use the assumptions and notations of Theorem 11.81 Put 

' 2/3 when E = {Ai}, 
1/3 when £ D {A 4 }, 
1/3 when S = {B 4 }, 
1/3 when S 5 {A 2 , A 2 }, 
1/4 when S D {A 5 }, 
1/4 when S = {D 5 }, 
1/6 when S = {E 6 }, 
1/2 in other cases. 

v ' 

Remark 3.1. It follows from [17] that 

u; = sup j;U € Q | the log pair (5, //P) is log canonical for every D G | — Px||- 
Take A € Q such that A < cj. Let D be any effective Q-divisor on S such that P = —Kg- 
Lemma 3.2. Suppose that A < 1/3. Then LCS(5, AP) C S. 
Proof. Suppose that (S, AP) is not log terminal at a smooth point P € S. Then 

3 = -K s ■ D ^ multp(P) > 1/A > 3, 
which is a contradiction. □ 
Lemma 3.3. Suppose that |LCS(5, AP)| < +oo. Then LCS(S',AP) C E. 

Proof. The necessary assertion follows from [2] or [5]. □ 
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Let O be the worst singular point of the surface S, and a : S — > S 1 be a partial resolution of 
singularities that contracts smooth rational curves E\, . . . , Ek to the point O such that 

S \ ( U^i ^) = s \ o, 

the surface 5" is smooth along U^E 1 ,, and Ef = —2 for every i = 1, . . . , k. Then 

k 

D = a*(D) -J^diEi, 

i=l 

where D is the proper transform of D on the surface S, and ai E Q. Let Li, . . . ,L r be lines on 
the surface 5 such that O € Lj, and Lj be the proper transform of Li on the surface S. 

Lemma 3.4. Suppose that S = {Ai}. T/ten let (5) = 2/3. 

Proof. There is a conic Cj C S such that the singularities of the log pair (S, |(Lj + Cj)) are log 
canonical and not log terminal. So, we may assume that (S, XD) is not log canonical. 

Suppose that there is an irreducible curve Z C S such that D = fiZ + Q, where [i is a rational 
number such that [i ^ 1/A, and O is an effective Q-divisor such that Z (jL Supp(S). Then 

3 = -K s ■ D = fideg(Z) -K s -n^ ^deg(Z) > 3deg(Z) /2, 

which implies that Z is a line. Let C be a general conic on S such that — Ks ^ Z + C. Then 

2 = C-D = fiCZ + C-n^/j,CZ^-ij,, 

which is a contradiction. Then LCS(5 r , XD) = O by Lemma 13.31 We have 3 — 2a\ = H ■ D ^ 0, 
where H is a general curve in | — Kg — E\\. Thus, it follows from the equivalence 

K S + XD + Xa 1 E 1 = a* (K s + XD) 

that there is a point Q G E\ such that (S, XD + Xa±Ei) is not log canonical at the point Q. 
Suppose that Q $ uf =1 Lj. Let n: S — > P 2 be a contraction of the curves Li, . . . ,Lq. Then 

7r(Z) + aiE x ) = 7r( - #5) = -K p2 , 

and 7r is an isomorphism in a neighborhood of Q. Let L be a general line on P 2 . Then the locus 

LCS(P 2 , L + tt{XD + Xa 1 E l )^j 

is not not connected, which is impossible by Remark 12.21 

Therefore, we may assume that Q € L\. Put D = aL\ + T, where a is a non-negative rational 
number, and T is an effective Q-divisor, whose support does not contain the line L\. Then 

T = a*(T) -eE u 

where e = a\ — a/2, and T is the proper transforms of the divisor T on the surface S. 
The log pair (S, XaL\ + AT + A(o/2 + e)E\) is not log canonical at Q. Then 

1 + a/2 - e = L\ ■ T > 1/A - a/2 - e 

by Remark 12.51 because Xa ^ 1. Hence, we have a > 1/2. 

We may assume that Supp(D) does not contain the conic C\ due to Remark 12.11 Then 

2 - 3a/2 - e = Ci • T ^ mult Q (T) > 1/A - a/2 - e, 

where C\ be the proper transforms of C\ on the surface S. Hence, we see that a < 1/2. □ 

Lemma 3.5. Suppose that E = {Ai, . . . , Ai} and |E| 2. T/ien let (5) = 1/2. 

Proof. Let P be a point in £ such that P ^ O. We may assume that P £ Li. Then 

2Li + L' ~ -K s 

for some line L' C S. Hence, we may assume that (S, XD) is not log canonical. 
Suppose that there is an irreducible curve Z on the surface S such that 

D = fxZ + n, 



ON SINGULAR CUBIC SURFACES 



5 



where fi is a rational number such that \i ^ 1/A, and f2 is an effective Q-divisor, whose support 
does not contain the curve Z. Then Z is a line (see the proof of Lemma l3.4p . We have 

2 = C- D = fiC-Z + C- n^fiC-Z^fi^l/X>2, 

where C is a general conic on S that intersects Z in two points. 

We see that LCS(5, XD) = O and a\ > 1 (see Lemma 13.31 and Remarks 12.21 and 12. 7 p . 

Arguing as in the proof of Lemma 13.41 we see that there is a point Q E E such that the sin- 
gularities of the log pair (S, XD + Aai-Ei) are not log canonical at the point Q. 

Suppose that Q € L\. Let a be a non- negative rational number such that 

D = aLi + T, 

where T is an effective Q-divisor, whose support does not contain the line L\. Then 

T = a*(T) -eEx, 

where Y is the proper transforms of T on the surface S, and e = a\ — a/2. The log pair 

(S, AaLi + AT + A(a/2 + e)^i) 

is not log canonical at the point Q. We have L\ = —1/2. Then 

1 - e = Lx ■ T > 1/A - a/2 - e 

by Remark 12.51 We have a > 1/A, which is impossible. Hence, we see that Q ^ L\. 

There is a unique reduced conic Z C S such that O € Z 3 P and Q € Z, where Z is the proper 
transform of the conic Z on the surface S. Then L\ % Supp(Z), because Q ^LL\. 

Suppose that Z is irreducible. Put D = eZ + A, where e is a non-negative rational number, 
and A is an effective Q-divisor, whose support does not contain the conic C. Then 

A = a*(A) -SEi, 

where A is the proper transforms of A on the surface S, and 5 = a± — e/2. Then 

2-e-<5 = Z- A>l/A-e/2-(5>2-e/2-5 

by Remark 12.51 because C 2 = 1/2. We have e < 0, which is impossible. 
We see that the conic Z is reducible. Then 

Z = L2 + L' 2 , 

where L' 2 is a line on S such that P G L' 2 and L2 H L' 2 7^ 0. 

The intersection L2^L' 2 consists of a single point. The impossibility of the case Q £ L\ implies 
that the surface S is smooth at the point L2 L' 2 . There is a rational number c ^ such that 

D = cL 2 + S, 

where H is an effective Q-divisor, whose support does not contain the line Li- Then 

E = a*(E)-vE 1 , 

where S is the proper transforms of S on the surface S, and v = a\ — c/2. The log pair 

(S, XcL 2 + XE + X(c/2 + v)E x \ 

is not log canonical at Q. We have Q € L2 and L 2 = — 1. Then 

1 + c/2 - v = L 2 ■ 3 > 1/A - c/2 - u > 2 - c/2 - v 

by Remark 12.51 Therefore, the inequality c > 1 holds. 

There is a unique hyperplane section T of the surface S such that T = C2 + L2 and 

Q = c 2 n Z 2 = o, 

where C2 is a conic, and C2 is the proper transforms of C2 on the surface S. 

The conic C2 is irreducible. We may assume that C2 % Supp(D) (see Remark l2.ip . Then 

2 - 3c/2 - v = C 2 ■ 3 > mult Q (3) > 1/A - c/2 - u, 

which implies that c < 0. The obtained contradiction completes the proof. □ 
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Lemma 3.6. Suppose that £ = {B4}. Then let (5) = 1/3. 
Proof. We have r = 3, and L\, L2, L% lie in a single plane. Then 

(s, i(L 1 + L 2 + L 3 )) 

is log canonical and not log terminal. We may assume that L3 % Supp(D) due to Remark 12.11 
Let [5 : S — > S be a birational morphism such that the morphism a contracts one irreducible 

rational curve E that contains three singular points 0±, O2, O3 of type Ai. 

Let D and Lj be proper transforms of D and Lj on the surface S, respectively. Then 

Li = p*(Li)-E, D = f3*(D)-fiE, 

where /i is a rational number. We have 

< D ■ L 3 = (p{D) -vlE) ■ U = 1 -HE- U = 1 - fi/2, 

which implies that ji ^ 2. Therefore, we may assume there is a point Q E -E such that the sin- 
gularities of the log pair (S, XD + jlE) are not log canonical at the point Q (see Lemma 133]) . 
Suppose that S is smooth at Q. The log pair (S, XD + E?) is not log canonical at Q. Then 

1 > = -fiE 2 = E ■ D > 1/A > 3 

by Remark 12 .51 We see that Q = Oj for some j. 

The curves Li, L2 and L3 are disjoined, and each of them passes through a singular point of 
the surface S. Therefore, we may assume that Oj £ for every i. 

Let 7: S — > 5 be a blow up of the point Oj, and G be the exceptional curve of 7. Then 

Lj = 7* (4) " ~G = (/3 o 7) * (Lx) — E — G, 

where Lj and L 1 are proper transforms of the curves Lj and E on the surface S, respectively. 
Let D be the proper transform of the divisor D on the surface S. Then 

E = 7* (E) - ~ G, D = 7* (D) - eG = ((3 o 7 ) * (D) - »E - ( M /2 + e) G, 

where e is a rational number. Then Ae + A/i/2 > 1/2 (see Remark 12. 7p . 
Suppose that j = 3. Then 

^ D ■ L 3 = ((/3 o 7 )*(L>) - piE - (fx/2 + e)G) ■ L 3 = 1 - M /2 - e 

which implies that e + /i/2 < 1. But we know that e + /x/2 > 3/2. 

We may assume that Q = 0\, and the support of the divisor D contains the line L\. Put 

D = aL 1 + n = -K s , 

where a G Q and a ^ 0, and 0, is an effective Q-divisor such that L\ <2 Supp(f2). Then 

h = (0o 7 )*(n) -mfi- (m/2 + &)G, 

where is the proper transform of £1, and m and 6 are non-negative rational numbers. Then 

(/3o 7 )*(£>) -iiE-(n/2 + e)G = D = aL 1 + h= ( J 9o 7 )*(aL 1 + n) - (a+m)£- (a + m/2 + 6)G, 

which implies that /j, = a + m ^ 2 and e = a/2 + b. We have 

L 2 = -1, £ 2 = -1, G 2 = -2, L-E = 0, L ■ G = E ■ G = 1 

on the surface S. The surface S is smooth along the curve G. Then 

-a ^ -a+fi-Li = (aLi+oYLi = ^oj)* (-K s )-(a+m)E-(a+rn/2+b)G\-L 1 = l-a-m/2-b, 
which implies that m/2 + b ^ 1 and a + m/2 + 6^ 1 + a ^ 3. Thus, the equivalence 

K$ + XaLi + Xh + A (a + m)E + A(a + m/2 + b)G = ((3 o 7 )*(if s + AaLi + Ail) 
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implies the existence of a point A € G such that the log pair 

XaLi + \h + X(a + m)E + X(a + m/2 + b)G 



is not log canonical at the point A. 

Suppose that A L\ U P. Then (S, Xti + A (a + m/2 + b)G) is not log canonical at A, and 

2b + a= {aLi +&J G = a + Q- G>a + 3, 

by Remark E3J We see that b > 3/2. But m/2 + b ^ 1. We see that ieLiU£. 

Suppose that A £ L\. The log pair (S, XVL + X(a + m)E + X{a + m/2 + b)G) is not log canonical 
at the point A. Arguing as in the previous case, we see that 

m/2 -b= (aLi + fi) • E = h ■ E ^ mult^friU) > 3 - (a + m/2 + b), 



which implies that a + m > 3. But a + m ^ 2. We see that A € L\. 

The log pair (S 1 , XaL\ + A$7 + A(a + m/2 + is not log canonical at the point A. Then 



I- a- m/2 -b= ( aLi + nj-Li = -a + Q,-L 1 >-a + 3-(a + m/2 + b) 
by Remark [231 We have a > 2. But a + m < 2. □ 
Lemma 3.7. Suppose that S = {B 5 }. T/ien let (5) = 1/4. 

Proof. We have r = 2. We may assume that —-Kg ~ 2Li + L2. Then the log pair 

S, \(2L X + L 2 



is not log terminal. We may assume (S, XD) is not log canonical at O (see Lemma l3.2p . 

It follows from pQ that S contains a line L such that O L. Projecting from L, we see that 
there is a conic C C S such that O C, -P5 ~ C + L, and C ■ L = 2. Put P = C n L. Then 

PUOCLCS ^5, 1 (C + p) + AP^ CPuOuCuL, 

which is impossible by Remark 12.21 □ 
Lemma 3.8. Suppose that £ = {Eg}. T/ten lct(S') = 1/6. 

Proof. We have r = 1. The log pair (5, 2 Pl) is n °t l°g terminal. The surface S contains a plane 
cuspidal curve C such that O £ C. The proof of Lemma 13.61 implies that let(S') = 1/6. □ 

Lemma 3.9. Suppose that £ = {A 2 }. Then let (5) = 1/2. 

Proof. We may assume that — Ps ~ £q + L2 + L3 ~ L4 + L5 + Lg. The log pair 

S, -(Li + L 2 + L 3 

is log canonical and not log terminal. Hence, we may assume that (S, XD) is not log canonical. 
The proof of Lemma 13.41 implies that LCS(<f>, XD) = O. 

Let H be a proper transform on S of a general hyperplane section that contains O. Then 

< H ■ D = 3 - 01 - a 2 , 2a x - a 2 = E 1 ■ D ^ 0, 2a 2 - a x = E 2 ■ D ^ 0, 

which implies that a\ ^ 2 and a 2 ^ 2. There is a point Q € E\VJE 2 such that the singularities of 
the log pair (S, X{D+a\Ei-\-a 2 E 2 )) are not log canonical at Q. We may assume that Q £ Pi, and 

Li • Pi = L 2 ■ E\ = L3 • E\ = L4 • P 2 = L5 • P2 = Lq ■ E 2 = 1, 

which implies that L\ ■ E 2 = L 2 ■ E 2 = L3 ■ E 2 = L4 ■ E\ = L5 • Pi = Lq ■ E\ = 0. 
It follows from Remark 12. II that we may assume that Li <2 Supp(P) 2 Pi- Then 

1 - ax = D . L x ^ 0, 1 - a 2 = D ■ L A ^ 0, 

which implies that a\ ^ 1 and a 2 ^ 1. 
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Suppose that Q £ 2 . Then (S, XD + E\) is not log canonical at Q. We have 

2a 1 -a 2 = D-Ei> 1/A > 2, 

by Remark 12.51 Then a\ ^ 4/3, which is impossible. Hence, we see that Q € £ 2 . 

The log pairs (5, XD + £1 + a 2 £ 2 ) and (S, XD + a\E\ + E2) are not log canonical at Q. Then 

2ai - a 2 = D ■ E\ > 1/A - a 2 > 2 - a 2 , 2a 2 - ai = D ■ E 2 > 1/A - a\ > 2 - ai 

by Remark 12 .51 Then ai > 1 and a 2 > 1, which is impossible. □ 

Lemma 3.10. Suppose that S = {A 3 }. Then lct(S) = 1/2. 

Proof. We have r = 5. Then Z? = — 1 and Zj ■ L j = for i ^ j. We may assume that 

Li ■ Ei = L2 ■ Ei = L3 ■ E2 = L4 ■ E% = L§ ■ E3 = 1, 
which implies that Z3 • £1 = Z3 • £ 2 = and 

Li • £ 2 = £ 2 • E 2 = Li • £3 = L 2 • £3 = £4 • E 2 = L5 • £ 2 = £4 • £1 = £5 • Ei = 0. 
We have — Kg ~ £1 + £ 2 + £3. But it follows from elementary calculations that 

Li = a *(L 1 )~E 1 -±E 2 ~E 3 , L 2 = a*(L 2 )~Ei~E 2 ~E 3 , Z 3 = a* (£3) ~Ei-E 2 ~E 3 , 

which implies that lct(S*) ^ 1/2. Hence, we may assume that (S,XD) is not log canonical. 

Suppose that there are a line £ C S and a rational number /x ^ 1/A such that D = fiL + SI, 
where O is an effective Q-divisor, whose support does not contain the line L. Then 

2 = C- D = nC-L + C- n^nC-L>2C-L, 

where C is a general conic on the surface S such that the divisor C + £ is a hyperplane section 
of the surface S. Then \L C)C\ = 1, which implies that L = £3. But £ 3 • C = 1. 

It follows from Remark 12.21 and Lemma 13.31 that LCS(S', XD) = O. 

Let H be a general curve in | — K s — ^4=1 -^1- Then 

oi + 03 ^ 3, 2ai ^ a 2 , 2a 2 ^ ai + 03, 2a3 ^ a 2 , 

because H ■ D ^ 0, E x ■ D ^ 0, E 2 ■ D ^ 0, E 3 ■ D ^ 0, respectively. 
We may assume that either Li <2 Supp(£>) or £3 % Supp(£>). But 

Li ■ D = 1 — ai, Z 3 • £> = 1 - a 2 , 

which implies that either ai ^ 1 or a 2 ^ 1. Similarly, we assume that either a 3 ^ 1 or a 2 ^ 1. 

We have a x ^ 2, a 2 ^ 2, 03 ^ 2. Then there is a point Q £ £1 U E2 U £3 such that the log 
pair (S, X(D + aiE\ + a 2 £ 2 + 03^3)) is not log canonical at Q. We may assume that Q £3. 

Suppose that Q £ 2 . Then (5, A£> + -Ei) is not log canonical at the point Q. We have 

2ai - a 2 = D ■ E x > 1/A > 2, 

by Remark 12.51 Then ai > 3/2 and a 2 > 1. But either ai ^ 1 or a 2 ^ 1. Contradiction. 
Suppose that Q € E2 fl Si. Arguing as in the proof of of Lemma 13.91 we see that 

2ai — a,2 = D ■ Ei > 1/A — a 2 > 2 — a 2 , 2a 2 — ai — 03 = D ■ E2 > 1/A — a x > 2 — ai 

by Remark 12.51 Then ai > 1 and 2a 2 > 2 + 03, which is impossible. 

We see that Q € E2 and Q ^ E\. Then (5, A5 + £' 2 ) is not log canonical at Q. We have 

2a 2 - ai - a 3 = Z> • E 2 > 1/A > 2, 

which implies that ai > 3/2 and a 2 > 2. The latter is impossible. □ 

Lemma 3.11. Suppose that £ = {A4}. Then lct(S') = 1/3. 

Proof. We have r = 4. Then Z? = — 1 and Zj • Lj = for i ^ j. We may assume that 

Li • £1 = L 2 • Ei = L3 • £3 = L4 • £4 = 1, 
which implies that Z3 • Ei = Z3 • £ 2 = Z3 • £4 = and 
£1 • £ 2 = L 2 • £ 2 = Li • £3 = £ 2 • £3 = Li ■ E4 = L 2 • £4 = £4 • £1 = L4 • £ 2 = £4 • £3 = 0. 
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The equivalence — K$ ~ 2L3 + L4 holds. Similarly, we have 
L 3 = a*(L 3 ) - -Ei - -E 2 - -E 3 - -E 4 , Z 4 = a*(L 4 ) - 



1 2 3 

—xvi — —Eo E 3 

5 5 5 3 



5^ 4 ' 



which implies that lct(S') ^1/3. Thus, we may assume that (S, XD) is not log canonical, which 
implies that LCS(5, XD) = O by Lemma [3.2i Let H be a general curve in |— Kg— ^2i=i Then 

3 ^ ai + 04, 2ai > 02, 2a 2 > ai + a 3 , 203 ^ a 2 + 04, 2a 4 ^ 03, 

because ■ £> ^ 0, E x ■ D ^ 0, E 2 ■ D ^ 0, E 3 ■ D ^ 0, E 4 ■ D > 0, respectively. 
We have — Kg ~ L 4 + L 2 + L 3 and — ifs ~ 2L 3 + L 4 . But the log pairs 



and IS, - ( Li + 2L 3 



S, -{l x + L 2 + L 3 

are log canonical. So, we may assume that either L 3 ^ Supp(D) or Li <2 Supp(D) ^ ^4- But 

L 3 ■ D = 1 — a 3 , L x ■ D = 1 — 01, Z4 • l) = 1 — a 4 , 

which implies that there is a point Q £ L)f =1 Ei such that (S,X(D + X)f=i a iEi)) is not log 
canonical at the point Q. Arguing as in the proof of Lemma 13.101 we see that 

( Q G Ei \ (Ei n £ 2 ) 2ai > a 2 + 3, 

Q G -Ei n £2 2ai > 3 and 2a 2 > 3 + a 3 , 

QeE 2 \ ((Ei n £ 2 ) U (£ 2 n £ 3 )) => 2a 2 > ai + a 3 + 3, 

Q G E 2 n £3 =^ 2a 2 > 3 + ai and 2a 3 > 3 + a 4 , 

Q e E 3 \ ((E 2 n £ 3 ) U (£ 3 n £4)) => 2a 3 > 3 + a 2 + a 4 , 

Q G £ 3 n £4 => 2a 3 > 3 + a 2 and 2a 4 > 3, 

k Q € £4 \ (E 4 n £3) 2a 4 > 3, 

which leads to a contradiction, because either a 3 ^ 1 or ai ^ 1 and 04 ^ 1. □ 

Lemma 3.12. Suppose that £ = A5. T/ien lct(5) = 1/4. 

Proof. We have r = 3. We may assume that Li ■ E\ = L 2 ■ Ei = L 3 ■ £4 = 1. Then 

Li • £2 = L 2 ■ E 2 = Li ■ E 3 = L 2 ■ E 3 = Li ■ E 4 = L 2 ■ E 4 = L x ■ £5 = L 2 ■ E 3 = 
and L 3 ■ E x = L 3 ■ E 2 = L 3 ■ E 3 = L 3 ■ £5 = 0. But -K s ~ 3L 3 . Then lct(5) sC 1/4, because 



L 3 = a*(L 3 ) — -Ei — -E 2 — E 3 

We may assume that (S, XD) is not log canonical. Then LCS(5, XD) = O. by Lemma 1331 
Let H be a proper transform on S of a general hyperplane section that contains O. Then 

(3.13) 3 ^ ai + 05, 2a± a 2 , 2a 2 ^ 01 + 03, 203 ^ a 2 + 04, 2a4 ^ a 3 + 05, 2as ^ 04, 

because H ■ D ^ 0, Ei ■ D ^ 0, E 2 ■ D ^ 0, E 3 ■ D ^ 0, E 4 ■ D ^ 0, E 5 ■ D_^ 0, respectively. 

We may assume that L 3 % Supp(Z)) due to Remark 12. 11 Then 1 — a 4 = L 3 D 0, which easily 
implies that ai ^ 5/2, a 2 ^ 2, a 3 ^ 3/2, 04 ^ 1, 05 ^ 5/4. 

There is a point Q G Llf =1 i?i such that the log pair (S, X(D + Yli=i a iEi)) 1S n °t log canonical 
at the point Q. Arguing as in the proof of Lemma 13.101 we see that 

Q G Ei \ (Ei n E 2 ) => 2ai > a 2 + 4, 

Q G £1 (~l £ 2 => 2ai > 4 and 2a 2 > 4 + a 3 , 

Q e E 2 \ ((Ei n £ 2 ) U (E 2 n £ 3 )) =>■ 2a 2 > a x + a 3 + 4, 

Q G £2 n £3 => 2a 2 > 4 + ai and 2a 3 > 4 + 04, 

(3.14) <( Q e E 3 \ ((E 2 n £3) U (£3 n £ 4 )) 2a 3 > 4 + a 2 + a 4 , 
Q 6 i?3 n i? 4 ^> 2a 3 > 4 + a 2 and 2a 4 > 4 + a 5 , 
Q e Ei\ ((E 3 n £4) U (£4 n £5)) 2a 4 > 4 + a 3 + 05, 
Q G Ei n £5 => 2a 4 > 4 + a 3 and 2a 5 > 4, 
Q G E 5 \ (E 4 n £5) 2a 5 > a 4 + 4. 
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Now taking into account the inequalities 13.131 the inequalities 13.141 the inequality ^ 4, 
and the inequality a% + 05 ^ 3, we see that either Q = P3 n P4 or Q = P4 n P5. 

Let H\ and P3 be general curves in | — K$\ that contain L\ and L3, respectively. Then 

Hi = L\ + Ci, P3 = L3 + C3, 

where C\ and C3 are irreducible conies such that C\ £ Supp(D) 2 C3. 

Let Ci and C3 be the proper transforms of Ci and C3 on the surface S, respectively. Then 

C\ • Ei = C\ ■ E2 = C\ • P3 = C\ ■ E4 = C3 • Ei = C3 • P3 = C3 • P4 = C3 • £5 = 

and C\ • P5 = C3 ■ E2 = 1. Therefore, we see that 

< C x ■ D = 2 - 05, 2 - a 2 = £3 • 5 > 0, 

which implies that a 2 ^ 2 and a§ ^ 2. Now we can easily obtain a contradiction. □ 

Lemma 3.15. Suppose that £ = {Ai,A 5 }. T/ien lct(S) = 1/4. 

Proof. Let P be a point in £ of type Ax- Then r = 2. We may assume that P £ L\. Then 
L 2 • Pi = L 2 ■ E2 = L2 ■ P3 = L2 ■ P5 = L\ ■ E2 = L\ ■ P3 = L\ ■ E4 = L\ ■ P5 = 0, 

and L\ ■ E\ = L2 ■ E^ = 1. The equivalence — K$ ~ 3L 2 holds. Then let (5) ^ 1/4, because 

12 4 2 

Lo = ct ( Lo) — —Pi — ~E<2 — P3 — —Ea — —En. 
y ' 3 3 3 3 

We may assume that (S, XD) is not log canonical. Then LCS(5', XD) C {O, P} by Lemma [3.21 

Suppose that (5, XD) is not log terminal at P. Let (3: S — > S be a blow up of P. Then 

D = f3*{-K s ) -mF, 

where F is the /3-exceptional curve, D is the proper transform of the divisor D, and m £ <Q. Then 
^ H ■ D = (j3*( - K s ) - mF) ■ (/3* ( - K 3 ) - p) = 3 - 2m, 

where H is general curve in | — Kg — F\. Thus, we have m ^ 3/2. But m > 2 by Remark 12.71 
We see that LCS(5, XD) = O. Let C\ and C 2 be general conies on the surface S such that 

Li + C\ ~ L 2 + C 2 ~ —Ks, 

and let Ci and C 2 be the proper transforms of Ci and C 2 on the surface S, respectively. Then 

2 - a x = C x ■ D > 0, 2 - a 5 = C 2 • D > 0, 

because C\ % Supp(P) 2 C*2- We may assume that L 2 <2 Supp(P) due to Remark 12. 11 
Arguing as in the proof of Lemma 13.121 we obtain the inequalities 

3 ^ 01+05, 2a\ ^ a 2 , 2a 2 ^ 01+03, 203 ^ a 2 +a4, 2a4 ^ 03+^5; 2as ^ a 4 , 2 ^ a 2 , 2 ^ 05, 1 ^ a 4 , 

which imply that there is a point Q £ uf =1 Pi such that (S 1 , A(l)+^^ =1 aiEi)) is not log canonical 
at the point Q. Arguing as in the proof of Lemma 13.101 we obtain a contradiction. □ 

Lemma 3.16. Suppose that S = {Ai,A 4 }. Then let (5) = 1/3. 

Proof. We have r = 3. Let P be a point in S of type Ai. We may assume that P E L\. Then 

Li • E\ = 1, Li • P 2 = L\ ■ P3 = L\ ■ P 4 = 0, 
and we may assume that Z3 • P3 = L 2 • Ea = 1. Then 

-L3 • Pi = L3 • P 2 = L3 • P4 = L 2 • E\ = L 2 • P 2 = L 2 • P3 = 0. 
The equivalence — Ks ~ L 2 + 2L3 holds. But 

Z 2 = a*(L 2 ) — -Pi — -P 2 — -P3 — -P4, Z3 = a*(L3) — -Pi — -P 2 — -P3 — -P4, 
5 5 5 5 5 5 5 5 

which implies that lct(S) ^ 1/3. Thus, we may assume that (S, XD) is not log canonical. 

We may assume that either L3 % Supp(P) or L\ % Supp(P) 2 ^2 (see Remark l2.ip . 

Arguing as in the proof of Lemma f3.151 we see that the log pair {S, XD) is log canonical outside 
of the point O. Now arguing as in the proof of Lemma 13.111 we obtain a contradiction. □ 
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Lemma 3.17. Suppose that £ = {Ai,A 3 }. Then let (5) = 1/2. 

Proof. Let P be a point in £ of type Ai. We may assume that P G L\. Then r = 4, and it easily 
follows from [lj that the surface S contains lines L^,,Lq,L 7 such that 

L 5 BP£L 6 , OgL 7 $P, L 3 nL 5 ± 0, L 4 nL 6 + 0, L 7 DL 2 + 0, L 7 nL 5 ± 0, L 7 C)L 6 + 0, 
which implies that L 7 n L\ = L 7 n L3 = L 7 n L4 = 0. Then — isTs ~ Li + L3 + L5 and 

Li + L3 + L5 ~ Li + L4 + ^6 ~ L5 + ^6 + L 7 ~ L2 + 2L\ ~ L2 + L3 + L4 ~ 2L2 + L 7 , 

which implies that let (5) ^ 1/2. Hence, we may assume that (S,XD) is not log canonical. 

Put D = fiiLi + f2j, where Hi is a non-negative rational number, and Q, is an effective Q-divi- 
sor, whose support does not contain the line Lj. Let us show that that [x% < 1/A for i = 1, . . . , 7. 

Suppose that /i2 ^ 1/A. We may assume that Li £ Supp(D) by Remark l2.1i Then 

1 = Li ■ D = Li ■ (fi 2 L 2 + ^2) > M2^i • ^2 = M2/2 > 1, 

which is a contradiction. Similarly, we see that fit < 1/A for i = 1, . . . , 7. 

Arguing as in the proof of Lemma 13.41 we see that LCS(S, AD) does not contain curves and 
smooth points of the surface S. Then either LCS(<S, AD) = O or LCS(£, AD) = P by Remark l2.21 

Suppose that LCS(S, AD) = P. Put 

D = /J.5D5 + ^6-^6 + T, 

where T is an effective Q-divisor such that L5 ^ Supp(T) 2 Lq. Then ^5 > and > 0. But 

1 = L 7 ■ D = L 7 ■ (/X5L5 + n 6 L 6 + T) ^ L 7 • (/i 5 L 5 + // 6 L 6 ) = ^5 + Me, 

because we may assume that L 7 <2 Supp(T). Let (3: S — > S be a blow up of the point P. Then 

/U5L5 + [i 6 Lq + T = /?* (/i 5 L 5 + /i 6 L 6 + T) - (^5/2 + ^ 6 /2 + e) G, 

where e is a rational number, G is the exceptional curve of /3, and L5, Z/6, T are proper transforms 
of the divisors L5, Lg, T on the surface S, respectively. Then 

^ ^5^5 + ^L 6 + f J if = 3 - fj, 5 - ne - 2e, 

where H is a general curve in | — Kg — G\. There is a point Q G G such that the singularities of 
the log pair (S 1 , \{(x^L^ + /i6L6 + T) + X{^/2 + /ig/2 + e)G) are not log canonical at Q. We have 

2 - 2e = f • (L 5 + L 6 ) ^ 0, 

which implies that e ^ 1. Then 2e = $1 • G > 2 in the case when Q L5 U Lg by Remark 12.51 
which implies that we may assume that Q € L5. Then 

1 + /U 5 /2 -/i 6 -e = fi-L 5 >2 - ^5/2 - /ig/2 - e, 

due to Remark 12.51 Thus, we see that [j,5 > 1. But /X5 ^ /U5 + /ig ^ 1- 
We see that LCS(5, AD) = O. We may assume that 

L\ ■ E\ = L 2 ■ E 2 = L3 ■ D3 = L4 • D3 = 1, 

and L\ ■ E2 = L\-E 3 = L2 • Pi = L2 ■ D3 = Z3 • E\ = L3 • D2 = L4 -E\ = L4 ■ E2 = 0. The log pairs 

(s, ^(2L 1 +L 2 )j and (s, i(L 2 + L 3 + L 3 ) 

are log canonical. So, we may assume that either L2 % Supp(D) or L% <2 Supp(D) 2 ^3, which 
easily leads to a contradiction (see the proof of Lemma 13. lOj) . □ 

Lemma 3.18. Suppose that S = {A 1 , A 2 }. Then let (5) = 1/2. 

Proof. Let P be a point in S of type Ai. We may assume that P G L\. Then r = 5, and it easily 
follows from pQ that the surface S contains lines Lq, L 7 , L$, Lg, L\q, L\\ such that 

P = Li n L 6 n L 7 n L 8 , L 9 n L 6 / 0, L 9 n L 7 / 0, L 9 n L 6 / 

and L 9 n L 7 / 0, L 10 n L 7 ^ 0, L 10 nL 8 /0, L n n L 6 / 0, Ln n L 8 / 0. Then 
L 2 ^^ 3 ,L 4 ^^5, L e ^O^ L 7 , L 8 ^ O L 9 , L 10 ^ O L n , 
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which implies that —Kg ~ L 3 + L4 + L5 ~ 2L\ + L 2 ~ L3 + L4 + L5 and 

2L1+L2 ~ L1+L3+L6 ~ il+i>4+-^7 ~ Li+L^+Ls ~ Lq+Lj+Lq ~ L7+Lg+^10 ~ ^6+^8+^11- 

We see that lct(S') ^ 1/2. Therefore, we may assume that (S,XD) is not log canonical. 
Arguing as in the proof of Lemma f3. 171 we see that LCS(5', XD) = O. We may assume that 

L\-E\ = L 2 -Pi = L%-E2 = L 4 -P 2 = L§-E2 = 1, L\-E 2 = L 2 -P 2 = L 3 -E x = L±-E\ = L^-E\ = 0. 

It follows from elementary calculations that 

L x = a* (Lx) - 2 -E x - Ify, L 2 = a*{L 2 ) - ^E x - ±E 2 , 

which implies that we may assume that either L\ <2 Supp(D) or L2 % Supp(D). But 

L 3 = a*{L 3 ) - l -E x - ^E 2 , U = a*{L 4 ) - ^E x - ^E 2 , U = a*{L 5 ) - ^E x - ^E 2 , 

which easily implies that we may assume that the support of the divisor D does not contain one 
of the lines L 3 , L4, L5. Arguing as in the proof of Lemma [231 we obtain a contradiction. □ 

Lemma 3.19. Suppose that S = {A 2 , . . . , A 2 } and |S| ^ 2. Then let (5) = 1/3. 

Proof. Let P be a point in S such that P 7^ O. We may assume that P 6 L x . Then — K$ ~ 3Li, 
which implies that let (5) ^ 1/3. Thus, we may assume that (S,XD) is not log canonical. 
We may assume that (S, XD) is not log canonical at the point O by Lemma 13.21 Then 

Li = a* (Li) -±E X ~E 2 , 

where we assume that L\C\E 2 7^ 0. Thus, we may assume that L\ % Supp(D) due to Remark [2. 11 
which implies that a 2 ^ 1, because D-L\ ^ 0. Arguing as in the proof of Lemma [3 .91 we see that 

3 ^ a\ + a 2 ^ 3, 2a\ ^ a 2 , 2a 2 ^ ai, 1 ^ a 2 , 

which implies that there is a point Q £ E\ U P 2 such that the log pair (S, X(D + aiPi + a 2 P 2 )) 
is not log canonical at the point Q. Arguing as in the proof of Lemma 13.91 we see that 

' Q e Ei \ (Ei n E 2 ) 2ai > a 2 + 3, 
< Q G Ei n i? 2 2ai > 3 and 2a 2 > 3, 

^ Q £ E 2 \ (E 2 n Ei) 2a 2 > a a + 3, 
which easily leads to a contradiction. □ 
Lemma 3.20. Suppose that S = {Ai, A 2 , A 2 }. T/ien let (5) = 1/3. 

Proof. Let ? / O be a point in £ of type A 2 . We may assume that P £ L\. Then — K$ ~ 3Li, 
which implies that lct(S') ^ 1/3. Thus, we may assume that (S,XD) is not log canonical. 

We may assume that L\ <2 Supp(D) due to Remark [2.1i But LCS(S', AD) C £ by Lemma I3~2l 
Arguing as in the proof of Lemma 13.151 we see that LCS(S', XD) C O U P, which easily leads 
to a contradiction (see the proof of Lemma l3.19p . □ 

Lemma 3.21. Suppose that £ = {Ai,Ai, A 3 }. Then lct(S) = 1/2. 

Proof. Let Pi and P 2 be points in X of type Ai. Then we may assume that Pi € L\ and P 2 E L 2 , 
while we have r = 3. The surface S contains lines L4 and L5 such that 

Pi G L 4 3 P 2 , O L 4 , Pi g* L 3 ^ P 2 , L 5 n S = 0, 

which implies that L 5 n L 3 ^ 0, L 5 n L 4 / 0, L 5 n L\ = 0, L 5 n L 2 = 0. Then 

(3.22) — Kg ~ Li + L 2 + L4 ~ L3 + 2Li ~ L3 + 2L 2 ~ 2L3 + L5 ~ 2L4 + L5, 

which implies that lct(5) ^ 1/2. We may assume that (S,XD) is not log canonical. 

Put D = HiLi+Cli, where ^ is a non-negative number, and Q{ is an effective Q-divisor, whose 
support does not contain the line Lj. Let us show that (ii < 1/X for every i = 1, . . . , 5. 

Suppose that [i\ ^ \jX > 2. It follows from equivalences 13.221 and Remark 12.11 that we may 
assume that L3 <2 Supp(£>). Therefore, we have 

1 = L 3 ■ D = L 3 ■ (mLi + fii) ^ /iiL 3 • Li = /ii/2 > 1, 
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which is a contradiction. Similarly, we see that //2 < 1/A, /X3 < 1/A, /i 4 < 1/A, ^5 < 1/A. 

Arguing as in the proof of Lemma 13.41 we see that LCS(5, AD) does not contain curves and 
smooth points of S. It follows from Remark 12.21 that LCS(5, AD) consist of one point in S. 

Suppose that LCS(5, AD) = P\. Let (3: S — > S be a blow up of the point Pi. Then 

^4X4 + ft = (3* (fi 4 L 4 + ft) - (m/2 + e) G, 

where G is the exceptional curve of the birational morphism /3, L4 and Cl are proper transforms 
of the divisors L4 and Q on the surface S, respectively, and e is a positive rational number. Then 

< L4L4 + n\H = (/3*(/i 4 L 4 + n) - (/i 4 /2 + e)G\ • - K 8 ) - G\ = 3 - /i 4 - 2e, 

where P is a general curve in | — Kg — G\. Thus, there is a point ?£G such that the log pair 

(S, /X4L4 + O+ (^ 4 /2 + e)G) 

is not log canonical at P. We have 1 — e = 0, ■ L4 ^ 0, which implies that e ^ 1. Then 

2e = • G > 2 

in the case when P L4 (see Remark 12. 5p . Thus, we see that P G L4. Then 

1 - e = n • L 4 > 2 - ^4/2 - e, 

due to Remark 12.51 Thus, we see that ^4 > 2, which is a contradiction. 

Similarly, we see that P2 G" LCS(5, AD). Then LCS(S*, AD) = O. We may assume that 

L\ ■ E\ = L2 ■ D3 = L3 • E2 = 1, L\ ■ E2 = L\ ■ D3 = L2 ■ Ei = L2 ■ E2 = L3 ■ Ei = L3 • P3 = 0. 

It follows from elementary calculations that 

Li = a *(Li)~Ei~E 2 -^E 3 , L 2 = a*{L 2 )~Ei~E2-^E 3 , L 3 = a* (L 3 ) -\e x -E 2 ~E z , 
which implies that the singularities of the log pairs 

(s, i(2L 1 + L 3 )) and (s, i(2L 2 + L 3 ) 

are log canonical. But we may assume that either Li % Supp(D) 2 L 2 ° r L 3 % Supp(D), because 
the equivalences 13.221 hold. Now the proof of Lemma 13.101 leads to a contradiction. □ 

Lemma 3.23. Suppose that S = {Ai,Ai,A 2 }. Then let (5) = 1/2. 

Proof. Let Pi 7^ P2 be points in £ of type Ai. Then we may assume that Pi G Li and P2 G L 4 , 
while we have r = 4. The surface S contains lines L§, Lq, Lj, L 8 such that 

Pi G L 5l P 2 G L 6 , Pi G L 7 3 P 2 , O L 8 , Pi G* L 8 ^ P 2 , 

which implies that L 8 n L 7 / 0, L 8 n L 2 / 0, L 8 n L 3 / 0, L 2 nL 7 = 0, L 3 n L 7 = 0. Then 

Li + L4 + L7 ~ L 2 + 2Li ~ L3 + 2L4 ~ 2L7 + L 8 ~ L 2 + L3 + L 8 ~ Li + L3 + L5 ~ L4 + L 2 + Lq, 

and —K$ ~ L1 + L4 + L7. Then lct(5) ^ 1/2. We may assume that (S,XD) is not log canonical. 
Arguing as in the proof of Lemma I3.2H we see that LCS(5, AD) = O. We may assume that 

Li • Pi = L 2 • E\ = L3 • P 2 = L4 • P 2 = 1, Li • P 2 = L 2 • P 2 = L3 • Pi = L4 • Pi = 0. 

The log pair (S,Li + ^L 2 )) is log canonical, because the equivalences 

Li = a*{Li) - ^Ei - ip 2 , L 2 = a*(L 2 ) - |^ - ^P 2 

hold. So, we may assume that either Li % Supp(D) or L 2 % Supp(D), because — K$ ~ 2Li + L 2 . 

Similarly, we may assume that either L3 $Z Supp(D) or L4 % Supp(D), which very easily 
leads to a contradiction (see the proof of Lemma 13. 9p . □ 

Therefore, it follows from [I] that the assertion of Theorem 11.81 is proved. 
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4. Invariant thresholds. 

In this section we prove the following two lemmas. 

Lemma 4.1. Let S be a cubic surface in P 3 given by the equation ! 1 . !A Then lct(S, S4) = 1. 

Proof. Let 0\, . . . , O4 be singular points of the surface Si, and let be a line in 5 that contains 
the points Oj and Oj, where i 7^ j. Then S4 acts transitively on {0±, ...,04} and {L12, . . . , L34}. 

Let T be a curve that is cut out on S by the equation x + y + z + t = 0. Then T is S4-invariant, 
which implies that lct(«S, S4) ^ 1. Suppose that let (5, S4) < 1. Then there is an effective S4-inva- 
riant Q-divisor D such that D = —Ks, and (S, XD) is not log canonical, where A £ Q and A < 1. 

The surface 5 does not contain S4-invariant points, because the group S4 does no have faithful 
two-dimensional linear representations. Then LCS(jS, XD) contains a curve by Remark 12.21 

There are a reduced S4-invariant curve G C S and a rational number m ^ 1/A such that 

D = mC + Q, 

where Q is an effective divisor, whose support does not contain components of G. Then 

3 = -K s ■ D = mdeg(C) - • O ^ mdeg(C) > deg(C), 

which implies that either G is a line, or G is a conic. 

Suppose that the curve G is not an irreducible conic. Let L be any irreducible component 
the curve G. Then L is a line. Let M be a general hyperplane section of S that contains L. Then 

M = L + L ~ 

where L is an irreducible conic. We have 

2 = L- D = mL-L + L- n^mL-C>L-L, 

which implies that Lf]{0\, . . . , O4} 7^ 0. Then L € {L12, ■ ■ ■ , L34}, which is impossible, because 
the curve C contains at most two components. 

We see that LCS(5, XD) does not contains lines, and C is an irreducible conic. 

Let R be a hyperplane section of the surface S that contains the conic C. Then 

R = C + C ~ -K s , 

where C is a S4-invariant line. The intersection C DC consists of two points. 

The log pair (S, C + C) is log canonical. We may assume C % Supp(f2) by Remark 12. 11 Then 

l = S- D = mC-C + C- n^mC-C>C-C, 

which implies that C DC C {0\, ...,04}. Then C E {L12, • • • , £34}, which is impossible. □ 

Lemma 4.2. Let S be a cubic surface in P 3 given by the equation \l.l(K Then \ct{S, S3 x Z3) = 1. 

Proof. Put G = S3 x Z3. Let 0\,0<i, O3 be singular points of the surface S, and Li C S be a line 
such that Oi Lj. Then let (5, G) ^ 1, because the curve L\ + L2 + L3 is G-invariant. 

We suppose that let (5, G) < 1. Then there is an effective G-invariant Q-divisor D such that 
the equivalence D = —Ks holds, and (S, XD) is not log canonical, where A G Q and A < 1. 

The surface S does not contain G-invariant points. Then |LCS(S r , XD)\ = +00 by Remark 12 .21 
which implies that there are a G-invariant curve G C S and a rational number m ^ 1/A such that 

D = mC + n, 

where fi is an effective Q-divisor, whose support does not contain components of G. Then 

3 = -K s ■ D = mdeg(G) - K s ■ O ^ mdeg(G) > deg(G), 

which implies that either G is a line, or G is a conic. 

The only lines contained in S are the lines L\, L2, L3. The group G acts on the set 

{Li, L 2 ,L 3 } 

transitively. Hence, the curve G is neither a line, nor conic. □ 
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5. FlBERWISE MAPS. 

Let Z be a smooth curve. Suppose that there is a commutative diagram 
(5.1) V V 



such that 7T and ir are flat morphisms, and p is a birational map that induces an isomorphism 
(5.2) p\ nx :V\X^V\X, 

where X and X are scheme fibers of n and n over a point O € Z, respectively. Suppose that 

• the varieties V and V have terminal Q-factorial singularities, 

• the divisors — Ky and — Ky are 7r-ample and 7f-ample, respectively, 

• the fibers X and X are irreducible. 
The following example is due to [6] . 

Example 5.3. Suppose that X is a smooth cubic surface that contains lines Li,L2,L% such 
that the intersection L\ n L2 H L3 consists of single point Pel, There is commutative diagram 

U *U 

P 

v V, 

where a is a blow up of P, ip is an antiflip in the proper transforms of Li, L2, L3, and /3 is a con- 
traction of the proper transform of the fiber X. Then X is a cubic surface that has one singular 
point of type B4. We have lct(X) = 2/3 and lct(X) = 1/3 (see Example 11.71 and Lemma[ 



Which kind of conditions on the fibers X and X imply that p is biregular? 

Example 5.4. Suppose that both fibers X and X are nonsingular del Pezzo surfaces such that 
the inequality K\ = K 2 ^. ^ 4 holds. Then p is an isomorphism (see |14|). 

The question we asked is local by the curve Z. Thus, in the following, we will not not assume 
that the curve Z is projective. Let us consider two examples with Z = C 1 (see |14j). 

Example 5.5. Let V be V subvarieties in C 1 x P 3 given by the equations 

x 3 + y 2 z + z 2 w + t 12 w 3 = and x 3 + y 2 z + z 2 w + w 3 = 0, 

respectively, where t is a coordinate on C , and (x, y, z, w) are coordinates on P 3 . The projections 

ir-.V — > C 1 and n: V — > C 1 

are fibrations into cubic surfaces. Let O be the point on C 1 given by t = 0. Then X is smooth, 
the surface X has one singular point of type Eg. Put Z = C . Then the map 

(x,y,z,w) — > (t 2 x,t 3 y,z,t 6 w) 

induces a birational map p: V — > V such that the diagrams 15.11 and isomorphism [5T21 exist, 
and p is not biregular. But lct(X) = 1/6 and lct(X) = 2/3 (see Example 11.71 and Lemma |3.8|) . 

Example 5.6. Let V be V subvarieties in C 1 x P 3 given by the equations 

wz 2 + zx 2 + y 2 x + t 8 w 3 = and wz 2 + zx 2 + y 2 x + w 3 = 0, 

respectively, where t is a coordinate on C , and (x, y, z, w) are coordinates on P 3 . The projections 

vr: V — > C 1 and n:V — > C 1 

are fibrations into cubic surfaces. Let O be the point on C 1 given by t = 0. Then X is smooth, 
the surface X has one singular point of type O5. Put Z = C . Then the map 

(x,y,z,w) — > (t 2 x, ty, z, t A w) 
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induces a birational map p: V —■* V such that the diagrams 15.11 and isomorphism [531 exist, 
and p is not biregular. But lct(X) = 1/4 and lct(X) = 2/3 (see Example 11.71 and Lemma l3.7p . 



The following result holds (see Examples 1 1 . 71 and [57 

Theorem 5.7. The map p is an isomorphism if one of the following conditions hold: 

• the varieties X and X have log terminal singularities, and lct(X) + lct(X) > 1; 

• the variety X has log terminal singularities, and let (AT) ^ 1. 

Proof. Suppose that the variety X has log terminal singularities, the inequality lct(X) ^ 1 holds, 
and p is not an isomorphism. Let D be a general very ample divisor on Z. Put 

A = | - nK v + TT*{nD)\, T = | — nK v + n*(nD)\, A = p(A), f = p _1 (r), 

where n is a natural number such that A and T have no base points. Put 

2e t 1 - e - , , 2e - 1 - £ 

My = — a + r, My = — ah r, 

n n n n 

where e is a positive rational number. 

The log pairs (V, My) and (V, M v ) are birationally equivalent, and Ky+My and K v +M v are 
ample. The uniqueness of canonical model (see Theorem 1.3.20 in [3]) implies that p is biregular 
if the singularities of both log pairs (V, My) and (V, My) are canonical. 

The linear system T does not have base points. Thus, there is a rational number e such that 
the log pair (V,M V ) is canonical. So, the log pair (V, My) is not canonical. Then the log pair 

v, x + ^— £ 

n 

is not log canonical, because A does not have not base points, and T does not have base points 
outside of the fiber X, which is a Cartier divisor on the variety V. The log pair 



n 



x 



is not log canonical by Theorem 17.6 in [12J, which is impossible, because lct(X) ^ 1. 

To conclude the proof we may assume that the varieties X and X have log terminal singular- 
ities, the inequality lct(X) + lct(X) > 1 holds, and p is not an isomorphism. 

Let A, r, A, F and n be the same as in the previous case. Put 

lct(X)-e A lct(X)-e- w lct(A > )-e T lct(X) - e 

My = — K —t A + — y —t T, M v = — A H r, 

n n ' n n 

where e is a sufficiently small positive rational number. Then it follows from the uniqueness of 

canonical model that p is biregular if both log pair (V, My) and (V, My) are canonical. 

Without loss of generality, we may assume that the singularities of the log pair (V, My) are 

not canonical. Arguing as in the previous case, we see that the log pair 



X 



n 

is not log canonical, which is impossible, because T\x = —nKx- O 
The assertion of Theorem 15.71 can not be improved (see Examples 15.31 15. b\ 15. 6|) . 
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